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Abstract-The formulation of the problem of obtaining an integral function approximation to a real- 
valued, locally analytic function is given. A careful distinction is made between the approximation of 
the integral form which defines the polynomial coefficients of the differential equation which defines 
the integral function, and the approximation by the integral function itself. This distinction leads to 
a clear treatment of the effects of degenerate cases arising from each step. The degeneracies of the 
integral form are considered in this paper. 
1. INTRODUCTION 
This paper considers the problem of approximating a real-valued, locally analytic function by 
an integral function, where the approximation is determined by sufficient derivative information 
about the given function at the origin. The objective is to investigate the degenerate cases arising 
in the formulation of the integral form for this problem. This is a companion paper to [l] where 
the formulation of the integral form was investigated and the existence and uniqueness of the 
integral form was established. 
The class of integral functions of degree p consists of those functions which satisfy a linear 
homogeneous ordinary differential equation of order p with polynomial coefficients. This name 
appears to have been introduced by Hunter and Baker [a]. Approximants chosen from this 
class can be viewed as a particular case of the variety of generalizations of the Taylor polyno- 
mial approximation and the Pad& rational approximation. These generalizations are often called 
Hermite-Pad& approximants [3-61. A number of recent papers [3,4,6,8,9] have considered the 
theory of integral function approximations, but few have clearly formulated the problem and this 
has led to a variety of misconceptions and confusion. 
The important feature is that a careful distinction is made between the approximation of 
the integral form which determines the polynomial coefficients of the differential equation for the 
integral function, and the approximating properties of the integral function itself. The distinction 
between these two concepts leads to the separation of degenerate cases arising from different 
sources, and consequently a clear treatment of the effects of each type. Since these two concepts 
overlap in the more intensively studied rational Pad& approximation case, these differences have 
tended to be obscured in previous generalizations. The basic formulation of the integral form has 
been given in [l]. Following the obvious analogy with approximation by algebraic functions [9,10], 
the study of the degenerate cases leads to the definition of the surplus of the integral form. 
In Section 2 the definition of the integral and its order are reviewed from the companion 
paper [l]. The degeneracies of the integral form are investigated in Section 3. The question of 
multiple solutions and the (consequent) degenerate solutions to the integral form have not been 
explicitly considered by previous authors [2-s]. Th e concept of the surplus in the approximation 
is introduced as an index of this degeneracy. Proofs of these results as well as further details and 
additional examples may be found in [8]. 
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2. THE INTEGRAL FORM 
An n integral function of degree p, Q(z), is a solution to a homogeneous linear ordinary differ- 
ential equation of order p whose polynomial coefficients have a maximum degree denoted by the 
vector n [1,8]. The integral form of a given locally analytic function f(z) is the best approximation 
to a differential equation of this form in an appropriate sense. 
DEFINITION 1 (INTEGRAL FORM) [1,8]. 
Let f(z) be a real-valued function, locally analytic at the origin. 
Let p 2 1, and ni, i = O(l)p, ni 2 -1, be integers and n = (no, ni, . . . , nP). The function 
will be called an n integral form of degree p, where u;(x) is a polynomial in z with degree (ai( 5 
ni for i = O(l)p, ai f 0 f or at least one value of i for i = O(l)p, and N + 1 = ~~=‘=,(ni + 1). 
f(‘)(z) is the ith formal derivative of f(z). I 
By convention, a polynomial of degree -1 is identically zero. Generally the subscripts n,p on 
P will be dropped when the context makes them obvious. 
Note that P(f, ) y 1 b 2 ma a so e written as a formal power series, r(z) = Cz”=, rizi, and that 
the conditions (1) are equivalent to the requirement that the linear functionals @(P(f, z)) = 
@r(t) = r(“)(O)/k! = 0 for 12 = O(l)N - 1. 
If p = 2, the problem reduces to a general form of the G3J approximants [ll], and if p = 1 the 
problem reduces to Baker’s D-log approximant [ll]. 
The existence of such an integral form was established in [1,8]. In order to study the degenerate 
cases we need to define the order of the integral form. 
DEFINITION 2 (ORDER OF THE INTEGRAL FORM) [1,8]. 
The order of the n integral form of degree p is defined to be 
R= Ord(P(f,z)) if P(f,z) = O(zR), # O(zR+‘). 
If the solution space of equations (1) is multidimensional, then the order of the integral form is 
to be interpreted as the minimum of the orders of the multiple solutions. I 
Note that if P( f, z) = 0 in Definition 2, then f is in fact an integral function and we may 
regard the order R = 00 in this case. 
If the dimension of the solution space of (1) is k 2 1 then it was shown in [l] how to use an 
elimination procedure to obtain a unique representative Pi(f, x), whose order is maximal over 
the space of n integral forms of degree p. 
3. DEGENERACIES OF THE INTEGRAL FORM 
An important feature of the identification of an approximating integral form which does not 
seem to have been identified previously is the fact that a particular set of coefficient polynomials 
which solves (1) may in fact eliminate more of the coefficients of r(z) than just the first N. A 
simple example for p = 1 is the (0,O) approximation to f(z) = 1 + (z - 1)2. In this case N = I 
but the integral form is f(x) + f(‘)(x) = 0(x2). F or algebraic approximation this phenomenon 
was first identified explicitly in [9] and was called the surplus. 
DEFINITION 3 (SURPLUS OF THE INTEGRAL FORM) [8]. 
The surplus, S(n) of th e n integral form P*(f, z) is defined by 
S(n) = Ord (P*(f, z)) - N, 
where the order of the integral form is defined in Definition 2. I 
The surplus, S(n) = S 1 0, is the amount of extra matching obtained from P*(f,z). This 
may be achieved by serendipity for a particular function (as in the simple example above), or 
by the process of obtaining a unique integral form in the case of multiple solutions of (1) [l]. 
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Examples of this effect for algebraic forms were given in [9,10], and for integral forms in [l]. 
Multiple solutions occur when f(z) has particular structure causing the coefficient, matrix of (1) 
to have deficient rank. Although more general theorems have been obtained in other contexts, 
the following theorem illustrates the types of cases when this may occur. 
THEOREM 4 (MULTIPLE SOLUTIONS) [8]. 
Let f(z) be an even function and consider an ezlen integral form defined by Pn,zp(f,z) _ 
Cy=o ai(Z)f = O(zN) with a “basis” of even derivatives. Suppose p is even and ni are all 
even for the non-null “basis” functions (i.e., ni are even for i = 0(2)2p). Then the coefficient 
matrix has rank at most N - p/2 and, hence, the solution space has dimension at least p/2 + 1. 
It is clear that in general we would like the surplus, S, to be as large as possible, since if S = co 
then the form represents an algebraic function exactly. 
In [9,12], the surplus was used to define an S-table for algebraic forms. It was shown [12], in 
the case of p = 1, to give the block structure of the Pad& table in an easier fashion than the more 
traditional C-table [ll]. F or integral forms of degree p, the S-table for integral forms P*(f,x) 
would be a (p + 1)-d imensional table. The structure of this table would lead to the structure of 
the table for n integral forms of degree p in an analogous way. 
THEOREM 5 (BASIC BLOCK STRUCTURE) [8]. 
If the n integral form of degree p, Pi(f, I), has a surplus S(n) = S > 0, then 
x’C(f,.) = Pnl(f,2), T = O(1) $ 
0 
is an m integral form with a surplus of S(m) = S(n) - pr - C& ik 1 0, where 
m= (m~,w,...,q) with mk=nk+r+ik, ik 2 0 for k = O(I)p, 
satisfies cpk,o ik 5 S - pp. 
REMARKS. 
(1) It should b e emphasized that Pm(f, ST) in Th eorem 5 is an integral form of type m, but it 
is not necessarily the m integral form of maximal order. This is particularly true in the 
obvious case if PG(f, x) h as ai _ 0 for some value of i, i = O(l)p. 
(2) If there is another structure of this type which overlaps the structure of Theorem 5, then 
for some of these values of m there will be additionally linearly independent solutions. 
The elimination procedure [l] will need to be applied to find P&(f, I), which will come 
from the set of additional solutions since these have greater order. However, if there is 
no overlapping structure, then for those m such that ik = 0 for at least one value of k, 
P,(f, z) has maximal order. This follows since the polynomial coefficient corresponding 
to this value of lc has full degree and hence no additional factors of z may be multiplied 
through in equation (1) to raise the nominal order. Thus, if there is no overlapping 
structure and m is such that ik = 0 for at least one value of k then Pm(f, x) = P&(f, x). 
(3) It may be assumed that the n integral form P,*(f, x) d oes not have polynomial coefficients 
with a common polynomial factor b(z), b(0) # 0. This follows since if Pn(f,z) (with 
order R) has polynomial coefficients with such a common factor then the solution space is 
multidimensional since there exists an integral form of the same type n with a higher order. 
Hence, Pz(f, x) (with maximal order) has the form xqPn_eo(fr z) (where o = (1, 1,. . . , 1)) 
with order R + q. In this argument it is assumed further that n is a type that does not 
have an overlapping structure, so that it may be asserted that this Pn(f, 2) has maximal 
order (compare Remark (2) above). Otherwise Pi(f, x) may have an even higher order as 
in Remark (2). 
As an example of this basic structure, consider again the example from [l]. 
EXAMPLE 6. 
The (O,O, 1) integral form of degree p = 2 for j(z) = cos(z7) with N = 3 and S = 24, is 
P;(f,z) E 13 f@‘(X) - 2 f@)(z) = O(z?). 
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Using Theorem 5 this is also an integral form of types 
m = {n + (R - j)el + je2, n + (k - j)e2 + $23, n + (k - j)e3 + jel}, 
for j < $, j = 0(1)24, k: = 0(1)24, w h ere the ei are the conventional unit vectors and n = (O,O, 1). 
These integral forms have N = 3 + k and S(m) = 24 - Ic. F or example, this is an integral form 
of type (O,O, 25), with j = 0, k = 24 in the set above, and has S = 0. 
In general, we find from Theorem 5 that 2’ Pi(f, Z-C) is an (ro+n) integral form for T = 0(1)12, 
where o = (1, 1,l). For T = 0( 1)12 this is also an integral form of types 
m={(ro+n)+(Ic-j)el +je2,(ro+n)+(k--j)e2+je3,(ro+n)+(~-j)e3+je~} 
for j < k, j = 0(1)(24 - 2r), L = 0(1)(24 - 2r), with N = 3 + 3r + k and S(m) = 24 - 2r - k. 
Thus, the (12,12,12) integral form is 2 “Pz(f,z) with r = 11, Ic = 2, j = 1 in the set, and 
N = 38, 5 = 0. The (12,12,13) integral form is ~~~Pz(f, z) with N = 39 and S = 0. 
However, noting remark (1) above, PA (f, z) h as so(z) E 0. This has the effect of inducing a 
line of nodes for new structures on the line n2 = n1 + 1 in the plane no = 0. There are also 
overlapping structures as noted in remark (2). For example, (O,O, 15) is the node of an overlapping 
structure with S = 24, and so P,*(f, ) b 2 a ove is not the (0, 0,25) integral form of maximal order. 
Furthermore, the (13,0,1) integral form, P*(f, z) z 49 xl3 f(z) - 6 f(‘)(z) + z J(“)(z) = 0, is the 
exact integral form for this function. So to the extent that the positive integral lattice with node 
vertex (13,0,1) intersects the structure above, clearly the exact integral form with S = co will 
be the integral form of maximal order. I 
4. CONCLUSION 
The formulation of the integral form which approximates the implicit equation defining the 
integral function was considered in [l]. The d e g enerate cases when this integral form has order 
> N have been studied in this paper. The concept of the surplus was defined to measure this 
additional order. A basic block structure within the table of integral forms was identified, but 
the global nature of such a table is complicated by the possibility of overlapping structures. 
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